Mathematical notation: help or hindrance? by Tennant, Geoff D, Dr
eCommons@AKU
Institute for Educational Development, East Africa AKU-East Africa
January 2010
Mathematical notation: help or hindrance?
Geoff D. Tennant Dr
Institute of Educational Development, East Africa, geoff.tennant@aku.edu
Follow this and additional works at: https://ecommons.aku.edu/eastafrica_ied
Part of the Science and Mathematics Education Commons
Recommended Citation
Tennant, G. D. (2010). Mathematical notation: help or hindrance?. Scottish Mathematical Council Journal, 40, 22-25.
Available at: https://ecommons.aku.edu/eastafrica_ied/12
22
Introduction
In this article we put forward a range of reasons for
using mathematical notation, emphasising the need to
allow children learning it time and space to come
to terms with it. Examples are given in furthering the
argument that the time to introduce notation is after
the concept is already fully understood.
I wonder how many people will identify with my
memory, when aged about 14 and starting to think in
terms of mathematics A level, of walking into a
mathematics classroom after an A level class had taken
place, and staring in bewilderment at the blackboard.
There were all kinds of symbols I hadn’t seen, words I
didn’t recognise – for all the sense it made to me it might
as well have been mediaeval Chinese. And as I
progressed through A level into an undergraduate
degree, there was the same sense of mathematics at the
next level being totally impenetrable – I wonder if
historians feel quite the same way as they make progress
in their subject?
A major reason for this phenomenon, I would suggest,
is the use of mathematical notation. As will be
explored, its use is essential for full acculturation into
the subject, but a major stumbling block at early stages
of learning. Suggestions are made for the classroom,
particularly in ensuring that the underlying concept is
fully understood before making use of the formal
symbols to represent it.
Mathematical notation: what is it?
For the purposes of this article, notation will be taken
to be a means of writing mathematical ideas down. This
includes numerical notation (including place value),
using letters to represent unknown numbers, either
constants or variables, and other symbols (=, <, >, etc.)
to stand for specific ideas. A closely related theme is
the development of notation over the centuries, which is
beyond the scope of this paper.
Why use mathematical notation?
There would appear to be a number of reasons for using
notation in some form or another, which I set out below.
(1) As an aid to solving an immediate problem
See below a killer Sudoku which I had started to solve:
The jottings at the top of puzzle made perfect sense
to me when I was working on it, but make no sense to
me now that I look at it again, nor would they ever
have made any sense to anybody else. In the context of
solving an immediate problem this is fine, but if I want
anybody else to understand what’s happening, or indeed
if I myself want to be able to understand what’s
written at a later time, then we need to rethink this
approach.
(2) To record for oneself to be able to understand at a
later time
It would be possible to adapt my jottings as above so
that I would be able to understand them when I came
back to them at a later time, which would still not be
immediately accessible to anybody else. The idea that
children may be using their own idiosyncratic notation
is one which has been explored e.g. by Sinkinson (2004)
and Hewitt (2003), with the clear possibility that bright
children may not have the quality of their thinking
recognised because the teacher cannot immediately
understand what it is they are doing. The converse
issue, that children may be deemed ‘gifted and talented’
simply because they become adept at routine operations,
has been explored by Wilson and Briggs (2002).
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(3) In order to record for other people to be able to
understand
If other people are going to understand what I have
written when I am not available to explain myself, then
there does need to be some established means of doing
this. We therefore need a common understanding as to
how things get written down. It is important to note that
using a formalised set of notation may not come very
easily. In a study of pre-school children in Canada,
Bialystok and Codd (1996) found that very often
children who had learnt how to use conventional
numbering systems chose not to use them when asked to
record dice throws in any form they felt comfortable.
Whilst in principle it would be possible to write down
mathematical lines of thought ‘long hand’, in practice
this reason leads directly into the next:
(4) To provide a shorthand way of expressing ideas
which are used
Within all areas of human endeavour, whether it be
music, medicine, meteorology, computing or any other,
people who have studied the subject and work within it
will use a shorthand to express ideas which are not
immediately comprehensible to others. Could one
reasonably expect somebody working in computing
always to refer to a ‘Compact Disk Read Only
Memory’? Ideas which are used frequently within
specific fields need to be referred to within a shorthand,
and mathematics is no exception to that. However, the
nature of a short-hand is that it needs to be learnt over
and above what it is that is being communicated.
Arguably, a reason why the use of notation, and algebra
specifically, is found difficult is that the use of notation
is introduced simultaneously with the underlying
concepts being expressed, with insufficient time to come
to terms specifically with the notation, with the concepts
insufficiently understood before the notation is
introduced.
(5) To provide a language in its own right
Allied to the point above, it is reasonable to suppose
that, in the early stages of second language acquisition,
a learner thinks of a word in the new language as being
a substitute for a corresponding word in the language
already known. As the learner makes progress, so she
is able to start thinking in the new language without
constant reference to the old.
In the same way with mathematical notation, one can
reasonably expect initially to be thinking of the notation
as a substitute for ideas spelt out in full, and then
eventually to become a language in its own right. This
theme is taken up in Watson (2009) in suggesting that
notation becomes powerful when, among other reasons,
it offers ‘more possibilites than the original problem’,
facilitating working in the abstract away from the
concrete situation. As with using notation as a short-
hand, it is again reasonable to suppose that it is going to
take time to become comfortable doing this.
Whilst it would be tempting to stop listing reasons to
use notation here, I suggest that there are in fact two
more:
(6) To bamboozle
In a large research study investigating pupils’
understanding of proof, Hoyles and Healy (1999. p. 21)
presented a large number of high attaining 14 year olds
with the following:
Proposition: if you add two even numbers, the answer is
even.
‘Proof’
Let x be any whole number, y be any whole number
x + y = z
z – x = y
z – y = x
z + z – (x + y) = x + y = 2z.
So the proposition is correct.
If you’ve not seen this before it’s worth spending a few
minutes working through this before proceeding. On
close examination it becomes apparent that this whole
argument is a nonsense. Whilst the proposition is in
terms of even numbers, x and y are not specified as
being so. The middle of the argument is simply going
round in circles, and there is a glaring error in stating
that x + y = 2z in the final line when z was defined as
x + y only a few lines above.
It is disconcerting to note that, in the original study,
when the 14-year-old high attaining respondents were
given a variety of valid if somewhat informal arguments
to consider alongside this ‘proof’, 41% of them said that
their teacher would like this ‘proof’ best. Whilst one
could argue that the way that the problem was presented
may not have given rise to the possibility for pupils that
the ‘proof’ may be erroneous, this would appear to show
something about how algebraic notation is understood.
If there are enough xs and ys around, then what is being
said must necessarily be true!
(7) To establish a ‘secret garden’
When viewing some contemporary sculptures at an
exhibition on one occasion, with the guide notes to hand
whilst doing so, it occurred to me to question the nature
of expertise within art appreciation. Is the expert
providing me as a layperson a language which enables
me to articulate what I may be feeling at an intuitive
level? Or is the expert in a complete different domain
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to me, enjoying art which to me is completely
meaningless? In a similar vein one can find one the
Internet examples of how to become an instant expert
in art, with a few key phrases like, “What interesting
inner work! It’s the message he’s sending between the
brush strokes that speaks to me.” (taken from
http://christopherreport.com/ )
Is there not the possibility that notation within
mathematics in a similar way establishes an exclusive
club, which only the brightest and best are allowed to
join? Is there a concern that all children should be able
to access mathematics to their full potential?
To sum up, it can be seen that there are a variety of
reasons for learning to use formal notation. If one is to
express ideas in a concise form which is understandable
to other people, then we need some agreed way of doing
this. Leaving aside trying to bamboozle people or
creating a ‘secret garden’, one key point which emerges
is that writing mathematical ideas down constitutes a
step in its own right, over and above understanding the
ideas being expressed. Some thoughts on how to get
going with formal notation are addressed below.
Getting going with formal notation
According to Hewitt (2003, p. 32), ‘It is possible for
students to work algebraically independent of formal
notation’. Or to put the point slightly differently, one
needs to be fully versed in the ‘long hand’ before in a
position to access the ‘short hand’.
To facilitate this happening, we need tasks which lend
themselves to generalisations which can be expressed
in a variety of ways, both formally and informally.
Some examples, which may well already be known to
readers, of suitable tasks are given below.
(1) Matchstick squares
Think of as many ways as you can of describing the
diagram at the top of the next column.
Possible informal responses include:
• Each time you add another square you need 3 more
matchsticks’;
• ‘You need three matchsticks for each square plus
the first matchstick’.
Once the principle is clear one can start to head towards
more formal ways of representing the situation,
including:
• Ifmi is the number of matchsticks in the ith diagram
then mi+1 =mi +3
• If n is the number of squares and m is the number
of matchsticks then m = 3n + 1.
It is curious to note that, while the first generalisation
listed in words might reasonably come sooner than the
second, the first, as far as I can see, is more difficult to
formalise. Any suggestions on how this can be
simplified whilst retaining the integrity of the situation
gratefully received!
(2) Square differences
Work out the following:
22 – 12 42 – 12 32 – 12
32 – 22 52 – 22 42 – 22
42 – 32 62 – 32 52 – 32
52 – 42 72 – 42 62 – 42
62 – 52 82 – 52 72 – 52
Extend each column of results further. What patterns
do you notice in the answers?
Use the patterns to work out:
212 – 202 222 – 192 312 – 292
Extend the idea to work out:
182 – 142 372 – 272 7.52 – 2.52
322 – 282 552 – 452 1.72 – 1.52
Can you suggest a general rule? Can you express this
rule using algebra? How could you prove that your
general formula is correct?
The intention here is to make the patterns as clear as
possible using numerical examples, giving then the
opportunity of expressing what is happening first in
words then in algebra. Answers can then be cross-
referenced against algebraic manipulation surrounding
the difference of two squares.
(3) Adding consecutive numbers
Ask a volunteer to give a number (e.g. 23), offer a
prize for any pupil who can add up that number and
the next 4 consecutive numbers (i.e. 23 + 24 + 25 +
26 + 27) faster than you. Repeat until it becomes
24
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clear to the pupils that you have a method which
enables you to get the answer quickly. Is it possible
to express the generalisation here in words, and then
in algebra?
Again, the intention here is to establish a rule with
numerical examples, leading to generalisations first in
words, which can then help to make sense of the formal
notation needed to record the answer.
(4) Number pyramids
Numbers are chosen to go in boxes on the bottom line,
with two adjacent boxes added to give the value to go in
the box above. In turn, this throws light on algebraic
patterns.
So questions which could be asked include:
(a) How would you arrange the numbers in the bottom
row to get the biggest total on the top row?
(b) As (a), the lowest total?
(c) What happens to the number in the box on top if
you add 1 to each of the boxes in the bottom row,
one at a time? Can you explain your answer?
(d) If you put a, b, c, d, e, in the bottom row, can you
write a formula for the number in the top row?
(e) Look at the answers different people have got.
What do you notice?
The intention here is to establish patterns numerically
which can be expressed in words before then exploring
the situation with algebra.
Conclusion
Mathematical notation is essential for the purpose of
expressing ideas concisely and for effective
communication. In the short-term it needs to be
considered to be something which needs to be learnt in
its own right – if children are expected to learn
mathematical concepts expressed in notation with which
they are not familiar, problems are very likely to ensue.
Some examples have been given which are aimed at
facilitating the development of algebraic thinking
without formal algebra in the first instance, so that a
clear structure is then in place when notation is learnt.
Hopefully this approach will help to demystify the role
of mathematical notation, making it clear both what it
means and why it is useful.
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